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ABSTRACT l
: !

o v——y

This report represents an extension of the work described in an
earlier report [Electromagnetic Fields in the Ocean Near a Shoreline,

J.E. Spence, E. Sullivan and J. Beville - Contract Nenr 396(10)-

Report 396(10)/2 - 15 November 1965]. It is an analytical study of

the electromagnetic field in the ocean resulting from excitation over
land by naturai electromagnetic noise such as micropulsations or ELF

! atmospherics. The main purpose of the study is to determine the rela-
tive importance of electromagnetic energy entering the ocean via the
air-wvater interface versus energy entering via the soil and ocean bottom,
Fmphasis in this report is placed on a comparison between the vertical

. and horizontal components of the electric field. Vertical profiles of

the horizontal and vertical electric field vectors are plotted for
several values of frequency, ocean depth, and the distance from the shore-

line. Finally, a comparison is made with some experimentally determined

values of the horizontal electric field.
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1, INTRODUCTION

Recent experimental measurenernts of slectromagnetic noise in the ocean
have sometimes produced data which show an unexpected intensity distribution

[12]

with depth near a coastline « In this thesis the electromagretic field

which may be produced in the oéeaﬁ Sy natural sources over land 1is investi-
gated analyiically. |
' A simplified, twé-dimensionai model is used which assumes a constant
depth ocean with an abrupt shoreline. The field in the ocean is assumed
to be excited by electromagnetic energy passing across the coastline, into
fhc sea, The magnetic veétor is taken to be parallel to the shoreline,
A superposition method 1s used which assumes the field in the sea
to be composed of two fields = one produced by energy passing through the
air-ocean intekfaca and the other provduced by eneréy passing through the
soil aqg ocean bottom, The an;;gy passing through.tho vertical land-ocean
interface is neglected inAthts treatment, \
The waves passing thfouih the sir-ocean interface are assumed to de
produced by energy which passes across the coastline on the surfaces ¢f the
earth and the ocean, The ocean is first sssumed to have infinite conductivity
which aliows the waves to enter the ocean with a direction of propagation
n;;nnl to ého sea surface, The assumptivn of infinite conductivity is
then dtoypfd. The energy passing through the eartheocean interface is treasted
in a somevhat similar manner, the difference bewing that the fiald intensity

at the ocean bottou is dctermined by sn application of Green's intugral theorcw,

®




2.

The use of Green's theorem results, as {s usually the case, in an in-
iegral equation which must be solved by an approximate method. In the pre-
sent case the solution leads to an integral which is solved by a ﬁu:-fiéld
approximation. The resulting expressions for the electric field dbmﬁéhénts
are exawlned throvgh the use of ineyualities and the vertical component
of the electric field vector is found to be negligible in comparison to
the horizontal component under ¢he restricticns of this model,

The horizontal component of the electric field is plotted for several
values of frequency, depth of ocean, and distance from the shoreline., A
comparison is then made with some experimentally determined values of the

horizontal electric field.




I1. FORMULATION OF THE PROBLEM

The f;rsi parz‘of this chapter ic concerned with a deseription of the
ocean-shoreline model. The form of the electrsmagnetic field incident on
the shoreline is then presented. Finally, a mathematical expression is
obtained which describes the magnetic field in the ocean due to the irci-
dent field. : ‘ i

2.1 Ocean-Shoreline Model

The geometry of‘the simp1ified two-dimensional ocean-ghoreline model
is showr in Figure 1. In this model the incident field is assumed to have
a direction of propagation in the # x direction ana all fields are con-
sidered to be independent of z, i.e+,3/3z = 0,

2.2 Incident Field

The magnetic field intensity H will be considered to have a z com-
ponent only, With this restriction, and the assumption that 3/dz = 0,

Maxwell's curl T equation yieldst

L, =i %—3 | (10)
s
8 - ;%;» L : (1b)
vhere \
R hT,
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The conductivity and permittivity are given by ¢ and ¢ respectively. The
pexrmeability of all media is taken to be Hos the permeability of free space.
The electreimaguetic noise from naturdl sources over land is assumed to
produce a ncarly vertizally polarized plane wave. A solution to Manwell's
equations for a wave with thi; polurization propdgating over a conducting
surface where the dire:tion of propagation is parallel to the surface is

(6)

well kiown and is given by

& + 1k 5
] oyy i x‘
h~e y20 (2a)

-1k2yy +-ikxx

h=e yso (2v)

vhere

2
k -
x vaz (3a)
14—
P 2
2
2,2 2
l‘c:y © e, = Ky (3b)
2 2
wpe -k
k!yz - — X ( cé - |m‘2 ) (3¢)
fwe '

©

For the frequencies, permittivities, and conductivities considercd in
this t:catment, the quantity we/o << 1. Under this sssurption, Bguations

(3a), (3b), and (3c) become




2w o 2
kx ~ -—2' kO (‘08)
¢
2 | ~lwe '
2 4w 0
Kk < wi (4b)
oy c2 [j az :]
k2w ~igu O (4¢)
2y o2
1
vhere ¢ « ——
Ho®

Since ko 13 independent of the conductivity of the guiding surface, the

{acident magnetic field becomes

ikoyy + lkox

h, m~e ' 3 yxo0 (Se)

ine

-ikzyy + ikox

LAY y%0 (5v)

vhere, from RBqustions (4b) and (4¢)

,_‘;-‘-;
k : 3
oy e °,

(6a)

‘Zy - 1,.“"b°§ ’ ; :' -~ (6b)




and 02 is the conductivity of the earth.

2.3 Contribution Throph the Air-Sea Boundary

i1a this gection an apprqximute expression for the magnetic field in
the ocean due only to the energy entering through the air-sea interface
vill be determined.

Settir, y equal to zero ia E:uations (5a) ard (5b), it is noted that
the incident magnetic fiecld on the surface of the e -th i« independent of
the conductivity éf the ear '« This is due to the fact that ko is‘indc-
pendent of the conductivity >f tt . guiding plane. Because of this, propa-
gation in the magnetic fie! . can be considered to be unperturbad at the
shoreline. The magnetié field at the !'7p surface of the ocean is then
given by

lkox .
h m~e n

ts
To find the field &' some point in the occ.n, waves will be cinsidered
to enter the water normal to :he surface. This assumption ia hﬂfed on
the fact that propagation from a poor conductor to a good coaductor ra-
sults in an angle of refraction which is very nearly aero(u). The fieid

at some point in the oceen will ihus be of the form

-lkl(yvd) lkx(y'd) "
ht Y | Lo 0o J (8)

vhere

: o
. .‘/ ey
llx ™ n‘,(el - io) ~ ,’““o’l

6.




and % is the conductivity of the sea water. It is to be noted that d,
the depth of the ocean, has been introduced into the exponents in Equa-
tion (8). This is done iv the interest of simplifying the final expres-
efon, Tha subscript t indicates that this is the wmagnetic field in the
ocean duz to the energy enterirg throuvgh the top surface only. The quan-

tity p iz given by(s)

The conductivities-of the earth and sea water are given to be 10-3
whos/meter and either 3 or & mhos/meter respectively(IZ). With these
vslues Py is very nearly equal to -l. Continuity of h across the bound-

ary at' y = O requires that

The final expression for.ht then becomes

: . * — N

;F g : , -1k1(y&§) ikl(yfd)

; by ~ -{kd Tk d Res )
¢ *he _
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2.4 Contribution Threuch the Land-Sea Boundary

In this section the magrstic field in the seca due only to the energy
entering thxough the v.rli-ovean boundary is determined.

Consider an arbl-:avy closed surface s"bounding a source free region.
It can be shown that a field inside this region at some point r is given

by o)

t@ - 8 foelnd, w6 -1 Leel] 6 a0
s.

where G(rlr') is known as the Green's function which is the sclution to

the inhomogereous Hemholtz equation

c@ ) efr) e 8 (T -F s (11)

6([ T - ;'l)is the Dirac delta function, r' is the coordinate of a point
source on s', r is the field cocrdinate, and the operator 3/3n' dernotes
the derivative normal to the surface s'-

X)
Referring to Figure 2, it can be secen that a closed surface s' can

" be selected such that same of ft'seleren:s are parallel to the z axis and

the remaining surface elements are parallel to the x, y plane. The sur-

‘face areas made up of eiements parallel o the x,y plane are outlined by

“the contour £'., Setting ¥ = h i% is noted that since 3/dz = 0, the normal

derivatives of ¥(r') and G(r|r®) with respect to r' vanish on all clements
of s' parallel to the x,y plane. As a result of this, Equatlon (10) re-

duces to a line intezral along 4', i.e.,
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1 - .y O . 3 ’
b(r} = - -17::—; § [u(:' 7Y 3z b)) (et 5, G(r]r')] at  (12)
J Al

where

r - \’xz + y2 s Ti = V&'z + y'2

and x' and y' are gimply tha rectangular coordinates of the point source
on the surface s'.

The Green's functlon will be chosen such that it's normal derivative
will venish aleng y = ~d for all x. In addition, it is again temporarily
assumed that the ocean is a perfect conductor such that dh/dn' vanishes
for y = -d;, x * 0. Unader these restrictions the integral along y = -d,
0£xS+eiszero. Also, by Equations (3a) end (3c), it can be seen
that the 1n£egra1 along the infinite arc is élso zero due to finite lo;-
ses. Thus Equation klﬂ) reduces to an integral along the y axiS’fromr
y=d to y =8, . R
The solution to Equation (10) subject to the restrictién that

o/3y' G(rlr') = 0 at y = «d is well known and is given by(la)

G(r|r') = -3- p (D [k2 1/(x.:x02 + (y'+d)2] (13)

(1)
%o

where k, "/(x»x")2 + (y' + d)z:l is the zeroth order Hankel function

of the first kind and

o
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This Green's function represents the magnetic field at r due to a
line source at r' where the line source is described by the Dirac delta

function §(y-y') times iwe,. It's physical counterpart would be a mag-

2

netic line current source.
In order to evaluate Equation (!2) it is necessary to know the mag-

netic field and its derivative with respect to x' along y', the path of

the integration, This, of course, is not known exactly. As is of;en

the case in problems of this type, we shall apprcximate h over this path

by assuming that it is equal to the incident magnetic field which is given

)(3)

by Equation (5b . Substitution of Equation (5b) and Equation (13) in-

to Equation (11) yields

e -ikzy
-e . (1) 2 ' 2
hbs ".r -—-?F___ kxHo [%2 ‘/x * (y * d):]
-d
ik '
+ 2" “1(1) [kzvxz + (y' d)z] Cdy' (1)

-J;z ‘* (y' + d)2

This integral cannot be readily evaluated for all values of X. However, for

‘ 2
> -
sufficiently Large X, say x » 5 82, where 62 w“oaz

the earth, it is shown in_ the appendix that Equation (14) can be approxi-

is the skin depth in

{umted by

1k2(xod)

i e (15)

2nk2x

hbs'~

The assumption {s now made that waves enter the ocean in a direction nor-

mal to the bottom surface. This, as before, is justified by the fact that
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% >> 02. The field at scre point in the ocean then becomes

lk]y -ikly
hb s e + p.©

The subgcript b Indicates thut *his is the magnetic field in the ocean
due to the energy entering through the tcttom of the ocean only, °t is

the reflection coefficient at the top of the ocean und 1s given by

This reflection coefficient is also very nearly equal to =1, Requiring h

to be continuous across the boundary yields

The final expresaion for hb now becomes
Y
: 01k1y -lkly

¢ + ’t.

by~ -1k d *ikd s

e ¢'Dto

Q16)

t
This derivation has neglected the vertical portion of the earth-ocean

interface. This is justified by the fact that the skin depth in the ocean

turns out to be always considerably less than the shortest distance from




ghore for ruich the final expression 1s vaild.

2.5 Total Magnetic Field in the Ocen

The total magnetic field fu *he ocean 1s given by the sum of Equa-

tion (9) and Equation (16) which gives

-ikl(yqd) ik (y 1) ' [ ikyy -ik,y
i 1
e 4p e < + pe
b - b - 1n ' L B
total -ikld i” s * xL 4 ikld bs
e + Pbe + ntc

Setting p, and P, equal to -1 allows Equation (17) to be reduced to

51nk (y+d) Sinkly
Beotal * stnF T Pes - sini;i Pys (18)

~

12.

%))

where ht- and b, sre given by Equation (7) and Equation (1%) respectively.




III. THE ELECTRIC FIELD

The vertical aad horizontal components of the electric field are
found in the first pat‘ cof this chapter. The two field components are
then compared with respect to their relative magnitudes.

3.1 The Electric Field Compurents

Now that an expression for h hos been obtained, the electric field
is easily obtained by subs:ituting Equation (18) into Equations (la) and

(1b). The horizontal compcnent of the electric field thus becomes

k, | cosk (y+d) cosk,y
E, "5, | StRee Bes - Sink,d Pos (19)

and the vertical component becones

P ozl sml(yﬁ) , Sink;y | 2

y 9 | Stakgd T T Sinkd | T (20)

vhere, again, use has been made of the fact that "ll'l «],
3.2 Gomparison of the Pield Compongnts
Although the vertical and horigontal cormponents of the electric field
bave heen determined, the direction of the net electric vector is not ime
mediately apparent. In this section the Icgnltudtc.ol the two coaponents
of the electric vector will L compared. '
Congider firs: the probdlem of the Infinitely deep ocean. Due to the

absence of the earth-oscesan interfacs, there would be no energy radiated

13.
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in the #y direction. The zoluticn would then reduce to Equation (5b)

with k. replaced by kl' The maugnetic field would then become

2y

—ikly %-1k°x

total ~e

h (21)

where, as before, the . “riibutioun through the vertical earth-ocean
interface has been ig-:rvi. From Equatzions (la) and (1b), the electric

ficld components now bLucome

kl

!x =i Eq hto:al (229
ko

Py = - c_l htotlal ) (22b)

Dividing Bquation (27:b) by (22a) and taking the absolute magnitude yields

B k wx
0
I2-121- Y& (29
x 1 1
12

Setting ¢  © 8.85 x 10 " farads/meter and o -4 mhos/meter, 3quation
(23) becomes

z .
Iizltl.Sq/—m x 10
x

*

10 e/s and_less,

It is apparent, thereforu, that for Erequencl?s of 10
the vertical componcnt of the clectric fleld may be neglected in compari-
son to its horizontal comp:rrent,

This rosult is no suzprise since it alrcady has deen pointed out

that the waves arc ertcring the ocean with a dix¢ction of propagation

normal to the surface. 1* §s not so obvious, houcever, that this resclt




should hold for an c.ean with a finite depth for it might be argued that,
at some point, the upward traieling waves and the downward traveling
waves might have x comporcnts of their zespective electric fields which
combine destructi.ely wh.reas theiy y components ccmbire constructively.

It shall now be :how- thu* tho verilcal compenent can still be ne-
glected under the :e=rficfi0ﬁs of the modcl used in this study.

Since no values ¢f 4 less shan 5 ocean skin depths are used, the
approximation is made that reflections at the earth-ocean and air-ocean

lnterfaces'may be neglected. The magnetic field may then be written as

-ikly _ ikl (y+d)

hah e by e (24)

Suostituticn of Equatiors (7) and (15) into Equation (24) yields

!kex-lkly 1 ikz(xod) + !kl(ywd)
hwe - —

.

Use of Bquations (la) and (1b) then give the electric field as

‘ N

L .:kly' 1k, (d) 1k {ys2)
"5 ~ -l 1,-; e * 2ﬂk2x e (25a)

-

o -1k, y ' i, (xed) 1k fyed)
1 1 1 , 2
..; N - " lkoe - tkz I 'Yz 2'; 2ﬂk28 ¢
i

(25b)

: vhere, sinc> k° < k,, k! has beon neglected. Taking the absoiute

2

1.




magnitude of the ratic cf Ey to Ex results in

ikz(xrd) * 1k1(2y+d)~ ikox
£ e
<= = (26)
E, . ikz(x+d) + ik1(2y+d)- ik x
vhere use has been midr of the fact that
i L )
~2ﬂF2x d
Defining
kZ
M= lly/ExI I-k-l-'
Bquation (26) is rewrlt®ecn as
) -Aem
M= Yl (27)
1+ AelO
vhere
A= N
2
n l 52 ] eare cony | 22 | e
0== ¢ (le1) s | (xed) » (o4 I-—- | 2yed
s E V2
k k .
ol L2 1 , n
2 (x26) ¢ i.l (2y+d) ¢ -5) (28b)
K, |
i v;_ (x+4) ¢ --;‘(zyod) 13§
21

16,




S - ko/k2 | ' (28¢)

Equation (27) now becouics

M-

S - A { Cos (1i8) + 35:viaeif)} (29)
14+ A{Cos (0013) + iSin(o+18)]

Using the identities

Cos(ao+iB) = CosaCoshB - iSinaSinhf

Sin(a+iP) = SinaCoshB + 1CosaSinh8
Bquation (28) can be rewritten as

{s; - ACosar [CoshB-sinh8]} +1 {5 +ASine(SinhB-Cosh8]}
8@ [Coshi-Sin =§ { ASin SinhB-Co;hEl] (30)

wvhere Sl + 15! Sl

Bquation (30) can be further simplified by making the substitution

4 [ CoshP - SinnB ] = 3'0'.

Then Bquation (30) finally becomes
(s, - AcosQQ") i (s, -ASlnﬂb.a]
[1¢ Moscg"j + (AS"‘"‘T—

L Qn
In order to reduce the corplexity of Equation (1) the restriction
that § 3 0 will be irponod a~d the conscquerces of this restriction

will later be examined. B t1s defincd by Equation (28b).

17,




Setting B = 0 and n.o°17g that for the parareters used in this model
A < 0.15, the devomira'or of Equarton (31) can now be represented in the

inequality

{1 ¢ accao w1 { Asiza ) l 2 (1.0.15) = 0,85

Under the same reztri. iz~s, ‘h. numerator has an upper bound given by

< /2 (0.15) = 0.212

' { sR-ACosa} | si»As:te}} » |A(Cosx +1 Sina)

vhere, since Sl - SR - 3.2 x 10'3, they have beer neglected. Under the

restriction then *ha” B = O, ‘he maximum value that ilylkxl can take on

' k ,0 '0
- ——— - ay J w— ‘ w— Sn——— 4
M I n . I M . ul ( ~85 ) (32)

Now since A $ 0.15, 1* 1¢ 9b.{-us from gquation (31) that Equation (32)
3

is given by

E
i A
e,

= 4 mhos/meter and @, = 10 ° mhos/meter

hoids algo for B> 0., Sc'tivg @ 2

1
the Inequality (32) bicomes

B
. ' ix l €4 x 10”3
x

In order to geomeoricully define the 1eglon in whieh this inequaltty

holds, Equation (28b) i1s anlvid for y with B « O, This results in

k £
..98_1 ye.8_1 /2
y=-3-3 | If | (x04) 217 |5, (x4+d) (33)

18,




Hr-—v—vrM‘kl”“‘ e

19.

Since the smaliest val:v &f » used 15 very much lazger than the largest

»?alue of d used, BGualion RN be approximated by
B |
et %% S -
y& -5 -3 Vg % ()
oz e - o i o o

Equatién (35) is piotf;d.ji;Fig.ac 3 lt‘ean:be scen that the inequality
{32) hblds for ali walozs ef_x'anﬁ y except for éhe cfoss hatched fegion
near the shoreline,

Since o and 02 are asswumed in this model to be Qz - 10_3 whos/meter

and 02 = 3-4 mhes/meter, the X intercept. becomes x ~ 62.5 @ for ﬁé = 4

mhos/meter and x = 54.1d for O, = 3 mhos/meter. For the purpose of cou-

sidering lEy/Exl fn the vross hutched region, Equation (27) ié written

in a slightly different forme Noting that
i0 -B
le | =e
Bquation (27) can be »uwritten as an'inéquality,~i,e.,

Ae"8

M< = M!
| 1-ae~?|

As a trial, the requirement is made that IAe'plilaL tn order to avoid

a singulacity. Under this mestriction M' S 11 and hence

- a .
< ."..2 (13) = 1.7 x 107
cl . .

Now the smallest value of A emzountered in this treatment is 0.097,

™k

Then the relation : ! .

(0.097)e"e - 1,1




yields a minimum of ~2.%2 for B, Hovoe 1t is now only necessary to con.
sider B in the range 0 2 8 & .0 42,
As B ranges from 0 *a .2.42, ¢ ranges frem 1 to 11.3 and cos®

ranges from 0,95 o - 0.:7¢ a~d pessis through zevo only once., The

lower bound of the demciiiatur of Ezuizn (31) is then given by

' {14 Acm'c“a } ’ 21 + A (11,3) (-0.276)

but A < 0,15, then

l {1+ ACosqe"B ) , S 1 - 0,466 = 0,534

The numerator of Equation (31) has an upper bound given by

' ACosde‘a-iASv'.Q’;a < /2 (0.15) (11.3)

where, as before, Sg and 5; have beent neglected. It is concluded then,

that when 0 2 B 2 .2,42,

M= ﬁé?;;z)'(d'” = 4,5

[«
$ (4.5) 3—2 = 7.2 x 1072
V 7y

The restrictions on *hese results, that is that ovtside the cross

or

E

i 4
E
x

hatched region lEy/Exl S 4 x I.O"3 and inside the cross hatched region

'Ey/Ex' £7.2x 10-2, are fivst, that the ocean depth be at least 5§,
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80 as to validate the assumpitin that reflections at the earth-ocean and

air-ocean interfaces a>¢ negligible, and secondly that
0,097 £ A < 0.1
This is equivalent Lo »equiring that

36, s x = 1262

2

For x less than 562, the far field approximation given by Equatioﬁ (15)
no longer holds ard for x greater than 1262, the contribution through
the earth-ocean interface is eliminated to such an extent that the
profiles approach a simple exponential form,

The variation of A with o, is extremely slow, such that a change in
Gh of plus or minus an ordeF of magnitude has & negligible effect on
these results.

Comparing the ;PPer bzunds on IEy/Ex, it is noted that inside the
cross hatched region in Figure 3, the upper bound is a factor of 18 larger
than the upper bound outside of the eross hatched region. Thi{ points out

the possibility that very near the shore, in the region where this model

is no longer valid, lEyI may be of an appreciable size with respect to

- s
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IV. NUMERICAL RESULTS

o

Numerical values for. the magnitude of the x and y components of the
electric field were determined by digital evaluation of Equation (19).
The field is normalized by multiplying by ]ol/kll . The results are plotted
in Figures % to 16 as a function of depth and distance from shore for fre-
Quencies of 10, 60, 100, and 1000 oycles/sec, Depths range from 50 meters
to 800 meters and distances from shore range from 3 km to 50 km, The depth
into the ocean is plotted as the abscissa and the various values of x (dis-
tance from shore) determine a family of ourves,

In Figure 17 a comparison is made with some experimental points de-
termined at a frequency of 60 cycles/sec. and a depth of 300 metera(lz).

The value of x has a. lower 1imit whioh is determined by the approxi-
mation used to evaluate the integral in Equation (14). This is essen-

tially a far-field approximation which requires x to be no smaller than
2

w0

depth in the ocean, and 62 are plotted for convenience as a function of

about 562 where 62 - is the skin depth of the earth, 61, the skin
[}

frequency in Figures 19 and 18 respectively. ’

The conmtribution to the field dus tc the energy passing through the
air-ocean boundary only is shown as a dotted line, This enables one to
see more explicitly the effect that the oner'g'y passing through the hori-
sontal land-ocean interface has on the total field. | |




V. SUMMARY AND CONCLUSIONS

The electromagnetic ficld in the ocean resulting from excitation by

natural sources over land has been investigated with the intent of gaining

some insight as to the mechanism by which the energy actually enters the
water. The horizontal and vertical components of the electric field are
plotted for several values of the parameters involved and, in one case,
a cOMParison.is made with some experimental measurements.

Before drawing.any éonclusions it should Se stated that both, the
land-sea model and the configuration of the incident f!;ld, which have
been chosen are only a very rough approximation of tﬁe real physical
situation. Nevertheless, the approximations used are felt to be justi-
fied by both, the complex nature of the problem and the reasonable agree-
went with some experimental results.

Upon examination of the curves, it is ioen_thnt the contribution to
the net field which' enters through the land-ocean interface ll;quito'f
prominent in the region near the shoreline. As the distance {rom shore
!ncicasol, this contribution becomes less apé less noticeable. This is
due to the fact that kx, the wave number which governs the propagation
in the x direction for the contribution through an sir-ocesn interface,
has a small imaginary part, whereas the attenuation of the contribution
* through the land-ocean interface is q&it;.hl;h due to the conductivity
of the earth. .

The effect of the depth of the ocean on the electric field 1; also

quite noticeable. rorvth. region near the shoreline the curves show the

23.




bottom contribution more distincily as the depth of the ocean increases.
This is understandable sinse for a deep ocean the energy entering the
tgp surface will be greatly attenuated before reaching the bottom. The
contribution through the b:ticm will therefore be more in evidence,

The comparison with expefiment tade in Figure 17 is rather hampered
by a lack of data points. It is to be noted, however, thit an increase
in the field intensity is slearly evident in the experimental results.
The discrepancy betw=zen the experimental points and the theoretical
curves could bé due tc any or all of the following: The crudeness of
the mathematical modei, differences between actual and used values fof
conductivity, conductivity gradients in the earth, and reflections from
boundaries in the earth below the ocezn bottom.

In future work a more complicated model 1s to be considered. More
specifically, the earth beneath the ocesn will be assumed to be composed
of two luyers.‘ Iz 1s hoped that the model will give even better agree-
ment with experimental results, Considcftng the problem in reverse, this
double-layer model could préducc a method for datermining not only the
conductivity of the earth undéf the ocemn, but also the thickness of the

top layer.
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APFENDIX A

Fur Field Approximation for hbs

Rewriting Equati-n (14) In terms of skin depths results in

- 1 W21 %;.
L '—'7--— (kx"o“) [“2 ";2 + (y'od)i, (35)
-d )

1k x
. 2 nl(l) kz ,xz,(y.‘d)z dy"
q 354 (y'+4d)

Because of the decaying exponential character of the integrand, it's con-
tribution to the integral is appreciable only for that portion of the
path of integration within a fév skin depths of the ocean bottom. Rqua-

tion (35) moy then be rawritsen as

- -28,
' . » . I .
. e Y E(x,y')dy' & J £(x,y')dy"*
L) ..‘

where £{x,y') s the iategrand in Bquation (33).
. If the values of x sre now restricted to be groater than 362. the
argument of the Hanke! functions can be greatly simplified over that por-

tion of the path of iniggration :'hnr. ii most jmportant, i.e.

L4

L]
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26.

——— x 258
N x2+(y'*d)2 R X 2
y' s 262

i

Since the val:>s <f 4 co;’.stdercd ave ruch less than 62, its presence
in the argume=t dce: rot affent =he approwimytion to> any great extent.

With these app-calmaticns, the Hankel functisns are no longer func-
tions of y' and theref re may be moved outside of the integral sign
leaving a simpl.c exponential to integrate. Upon integrating, Equation

(35) becomes

ik, d
2
oy ~ L5 AN R R R (kzx)] (26)

Q1)

Factoring "‘2“1 (kzx) outside the brackets results in

(1)
1k d - k. R (k,x)
1 2 1) x' 0
Pop H (k,x) |1-1 —TD——L' (37
"bs 2 1 l; Ry (kzx)

The large argument approximicions “or the Hankel functions sre

given n( 4

.

s[k,x - 7]
B, P - ":, . 2¥ (38)

1(k.x - +]
1, P - s - F 38(b)




Dividing Equation (33a) by Equation (33b) yields

30(1)(k,x) 1 %
f— &y e - 4 for large kzx
B ("2")

This considerably simplifies Equation (32)'i.e.,

. 1k _(x+d) k
i 2 L)
hbs *yYzrex ¢ R ['* Fi]

Noting that k_ << kz, Bquation (39) finally becomes

ikz(x+d)

i
hb: - 2nk2x ¢

(39)
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